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Nonlinear softening and healing in
unconsolidated granular materials:
a physics-based approach

Charles Lieou
(with Eric Daub, Robert Guyer,
Robert Ecke and Paul Johnson)
Earth and Environmental Sciences
and Theoretical Division \
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Motivation: earthquake-induced
damage and post-seismic healing

Marked drop in wave speed in the
upper crust after a major earthquake
1S a common observation.

The seismic wave speed takes months
or even years to fully recover.

Points to induced damage by elastic
waves and slow recovery (1.e.,
ageing), involving complex
mechanismes.

Granular matter on faults may play
important role — same observations in
the laboratory.

Unjamming transition and
fluidization for unconsolidated
materials in the nonlinear regime
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Nonlinear elasticity

PVC

o Real materials are not 600
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Nonlinear elasticity

o ‘Slow dynamics’ seen with the gradual recovery of
resonance frequency and elastic moduli upon cessation of

acoustic vibration

« Nonlinear acoustics provide nondestructive probes of

material damage
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Acoustical probe of material
strength and damage

P-wave modulus M, is related to the
speed of P-waves v through

My
1V = —_— =
pc k

Wo

Analogous relation between shear
modulus and S-wave velocity

Provides indirect measure of elastic
moduli

At elevated amplitudes, waves soften
the material. The degree of softening
reflects the amount of damage and
material integrity.
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Why study nonlinear behavior in
granular media?

Complex, strongly non-equilibrium
phenomena of interest in physics and
engineering

Friction originates from response of

granular layer to shear — implications for L R
earthquake physics and control in Sammis et al. (1987)
manufacturing processes b

. No vibration

i
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Nonlinear behavior in glass bead
packs

0.8 Increasing

« Glass bead packs display nonlinear
acoustic behavior, as in other
consolidated and unconsolidated o
materials, yet are easier to handle T
in the laboratory ‘

Normalized amplitude g

AM/M,

. We attribute deformation and
plasticity to rearranging clusters of
grains called shear transformation
zones (STZs)

« Goal: to properly understand
softening and resonance shift in a
granular material subject to wave e L.
perturbation.

P. A. Johnson and X. Jia, Nature (2005)



Multiscale modeling

« To connect small-scale physics to large-scale
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Outline

STZ theory — an introduction

[C. K. C. Lieou and J. S. Langer, PRE 85, 061308
(2012)]



STZ's — microscopic description of
shear deformation in granular media
o Starting point: molecular/granular rearrangements

lead to deformation of solids

o Shear transformation zones are local flow defects
susceptible to shear deformation and contact change

QBSATS
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Qo 8

()C ’
2eseRse
OOOQ/_\ )OC

[M. L. Falk and J. S. Langer, PRE 57,7192 (1998)]




STZ theory: a short introduction

. To a good approximation, STZs come in two states;
stable, and unstable, with respect to the deviatoric
Stress.

T L
to R(o)

‘ Oxx=

TNy = R(+£0)Ny — R(Fo)Ny + T (Ne_l/x _ Ni)

t 1 1

stress-driven transitions noise-driven creation and
between the two possible states  annihilation of STZ defects

(+) state (-) state

Inertial time scale (or
inverse attempt frequency)



STZ theory: a short introduction

« The STZ density at the stationary state

N, + N_
A= = 2¢~1/X

~ e
1s given by a thermodynamically-defined
‘compactivity’ y with structural origins, reflecting

disorder in the granular packing

 Plastic deformation when STZs ‘flip’ from one state
to another, 1.e., nonaffine rearrangement of grains (in
the sense of change 1n contacts)

Pl = :—jove_l/x (R(6)N_ — R(—0o)N.)



STZ theory: a short introduction

o STZ orientational bias

N, —N_
TN N
o Define combinations of rate factors
~ R(o)+R(—0) R(oc) — R(—o0)
Clo) = > - T = R TR
o After change of variables
i = 20(0) (T(0) —m) (1 _ @> ;
o
TéPl = 2¢0e V/XC(0) (T (o) —m).

o It can be shown that 7(¢) = tanhleoo/(ez0,X)]
(0, = pressure)



Outline

‘Linearized’ STZ theory and wave perturbation

[C. K. C. Lieou, E. G. Daub, R. A. Guyer, and P. A.
Johnson, J. Geophys. Res. Solid Earth, in press]



Wave perturbation: linearize STZ
equations

« Under wave perturbation with amplitude small
enough compared to the external load, o refers to the
oscillatory component of the stress associated with
the wave (e.g., pressure wave)

« Linearize STZ equations around the small quantities

m and o:
0
™m = 2Ry (—U—m> ;
X
Y
R 2R0€0€_1/X (70 — m)

Here Q2 =e€o/(ez0))



Wave perturbation: linearize STZ
equations

« Combine these with the equations of motion:

o= Moy

do
_— P
IOGU’ 856 _|_ Y,

o Use the ansatz

(6 N épl)a

ou

€= 9z

Unperturbed modulus at
max. packing fraction

External forcing Total strain in terms
of displacement

u

o

oe

me

,&ez(ka:—wt);

i(kx— wt)

i(kx— wt)

Fei(k:a:—wt) .



Wave perturbation: linearize STZ

equations
o The result 1s
—w?pei = ko + F;
. (Q& )
—wm = a|——m];
X
0
—iwo = My [kwﬂ — aepe /X (70 — m)]

where a=2Ry/T.

o Eliminating m and o gives
2. 2 s 2 2
F = pe (wga —w?P) —iw(wg —w )ﬂ

B —iw
. L ) _l/X ]\/[O CU()
with 8 = a(l + MoeoQe /X),andU: ,0_:?

G
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Response function

o The relation between drive amplitude F
(corresponding to, e.g, voltage) and response

amplitude u

(wia —w?f) — iw(ws —w?) .

F = PG - U
B —iw
prompts us to define the ‘response function’
Aw) = —p— D™

(Wi —w?f) —iw(wg — w?)

e The norm of A(w) gives the normalized strain
amplitude; probing A(w) gives the tuning curves and
resonance peaks.



Modulus softening

« Experiments show modulus softening due to external
acoustic vibrations

« External vibrations at single frequency roughly
equivalent to oscillatory driving

P b 0014 .
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Modulus softening

o The ‘softened’ modulus M 1s given 1n terms of the
resonance frequency o, and the system size H by

2 ( 718 )2 M
Wres — \ 77 D
H7 pc

« What controls the resonance frequency? Recall that
B —iw
(Wi — w?B) — iw(wg — w?)

Aw) =

B = a(l + MyepQe /X /y)

If the compactivity y varies with the strain amplitude
(reasonable), the resonance frequency may shift!



Modulus softening

o Intuition: the compactivity y must be an increasing
function of the strain amplitude.

o More strain => Higher compactivity => More STZ
defects => Granular material becomes softer!

 To fit with the experimental softening data, use the

ansatz

X(edyn) = Xo + X1 tanh

Applied load

oF

2/3
()

]

€dyn

1‘_

Dynamic strain

amplitude



Normalized modulus M/M,

Modulus softening
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Resonance shift

« By directly computing the response function

_ b —iw
Alw) = (Wi — w2fB) — iw(ws — w?)

we can get the tuning curves:

25x10°% 7
L _Edyn=0 7
[ Eqvn = 5%1077
9L y
2.x10 : €ayn = 1x107°

Response A(w)

1 90 000 19500 20000 20500 21000
Frequency f=w/(2r1) (Hz)




Attenuation

« We can compute the attenuation Q-factor in the
nonlinear regime from the linear Q, computed from
the full-width-at-half-maximum of the square norm
(power) of the response function:

’A(Wres)‘
| A(Wres(€ayn = 0))]

L wres(edyn — O)

Qo = AL Q = Qo

« Or estimate 1t from the response function directly:

(B2 + Wrea) ) Wres
(B = a)wresws

Qest —



Attenuation

 1/Q increases almost linearly with increasing strain
amplitude

« Larger for smaller load level — sensible as higher
load suppresses dissipation

1/Q

0.25;
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0.10}
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Strain amplitude
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imaginary part
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function
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Outline

Recovery of elastic modulus: need for a multi-
species description

[C. K. C. Lieou, E. G. Daub, R. E. Ecke, and P. A.
Johnson, J. Geophys. Res. Solid Earth, in press]



Modulus recovery

« Experiments indicate that =
the P-wave modulus slowly SRR
recovers as a function of ST ST
time after the cessation of i RASORTER §
external acoustic strain, _

with log-linear dependence.

« We propose to infer e 1.000 P % °
0909l 028 MPa .,,,9'—-!'.": =
modulus recovery from s o= 0 A |
strain recovery. £ oo .
; 0.996 -
aoocle B ® 0.071 MPa |
0.994 ° .
100 1,000 10,000

Lapse time (s)



Need for a multi-species description

o At large stresses and strain rates,
a single-species STZ formulation

suffices; STZs with low TR
activation barriers are S ool *

annihilated before they can 5 oo7|

transition from one state to 21 * 0071 wpe
another and contribute to o504 B,

. . . 100 1,000 10,000
irreversible deformation. Lapse time 5

o In aging experiments, STZs with
a broad spectrum of time scales
play a role; slow STZs become
prominent.



Multi-species STZ theory

« From now on, focus on compressional stress
configuration

o Insert dependence on barrier height A into the STZ
dynamical equations:

TNi(A) = R(xoc, A)Nz(A) — R(Foc, A)N(A)

[.\'Cq (A)
+ p ‘)‘

Vibration intensity (retained for
bookkeeping)

— Ni(A)




Multi-species STZ theory

o Transition rate increases with dimensionless
compactivity y = X/ v,

. \ ' A .
R(oc,A) = Ry(oc, A) exp [—_OXP (_6()0( )]
. , €E7X a

o Define the STZ density and orientational bias

N, (A) + N_(A) N.(A) = N_(A)

AMA)=——3 5 mA) = IR TN (A

and the symmetric and antisymmetric transition rates

R(oe, A) + R(:—CTC. A) T(oc. A) = R(oc, A) — R(—oc, A)
2 ’ 2 = Rloc,A) + R(=00, D)

Cloc,A) =



Multi-species STZ theory

« Then the plastic strain rate becomes

e .
Pl — 250 -1/x /dAp(A)C(O(’. A)[T(oc,A) —m(A)].

-

o Linearizing around the small stress, we have
épl — & _;_l,.""\ /(11/]3(1/)1/ [EOUC — 7;2(1/)]
T | €E70X |
where we have changed representation from the
barrier height A to the transition rate variable v:

v(A) =2C(0,A) = 2R(0, A)E.—A,-"'\

€EolV

o AlSO, T =
€E70X

oc — (v + p)m(v).



Barrier-height distribution

« We need to know the barrier-height distribution in
order to carry out further calculations and interpret
experimental findings.

e A 1s measured downward trom some reference
volume.

o Ignoring regularity for now, p(A) should look like
p(A) x /2
or

]3(1/) X I./—(':l+£:'



Barrier-height distribution

o The large-A, small-v distribution must be cut off at
some threshold A* or v*.

o In that limit, we propose

p(A) cce /A p(y) ey

o Combining the results in the two limiting regimes,
4'-;1

1/ [( i, v*) 4+ (v* /V) gl] |

plv) =

o The exponents may be determined from the
experimental measurements.



Modulus recovery

o Modulus recovery from strain recovery at fixed

stress o:

ag

M(t) e(t) — ePl(t)

« At zero vibration intensity:
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Modulus recovery

o Modulus recovery from strain recovery at fixed

stress o:

ag

M(t) e(t) — ePl(t)

« At zero vibration intensity:
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Modulus recovery

A
o[/ + (o)

p(v) =

o At long times, slow STZs (small v) dominate.

« Need to choose (; = Y2 to fit logarithmic recovery.
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Short-time behavior

« Sandstone dynamic
acousto-elasticity
experiments indicate
characteristic recovery
time ~ 0.1 s during which
modulus stays around
perturbed value.
[Shokouhi et al., 2017,
submitted]

o Guess: same type of
behavior in unconsolidated

glass beads (no data yet)
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Short-time behavior

A
v[(v/v*)s + (v*/v)st]

pv) =

« Guess: same type of behavior in unconsolidated glass
beads (no data yet)

« Choose ¢ = (; = '2 for which there 1s an analytic
solution

| —1
| 2 —1/x *
. .« En € . I 't
L= |1+ sen(o)— eV U™ erfe — .
;\[() a - €z X T




Short-time behavior

-1
M (t M, e tx vt
(t) = |1+ —sgn(o)- e’ YT erfe ( — .

Mo o €2 X T
« A variety of N
combinations of y
and v* reproduce the ™~
correct long-time 2 0o |
behavior. = Characteristic
5097 | A |recovery time
o Characteristic 5 /
recovery time of t/v*  °%

—p =0.071 MPa
T —p =0.28 MPa

helps constrain these . | = =
parameters 10 1072 10° 102 10%

Time (S)
Short-time regime predictions
to be validated by future experiment?




Concluding remarks

« STZ theory describes defect dynamics and plasticity
in granular materials

« Addresses inadequacies in other empirical theories

« Compactivity — describing structural disorder — 1s
key variable that controls defect density

o Coupling linearized STZ theory with wave equations
generates modulus softening and downwards
resonance shift with increasing strain amplitude

« Shows definitely that STZ defects are responsible for
softening and dissipative, nonlinear behavior



Concluding remarks

« To describe long-time relaxation and healing, we
need a model that accounts for a spectrum of time
scales of the plasticity carriers (STZs 1n this case)

« Generic assumption on barrier distribution and STZ
spectrum reproduces experimentally-observed
modulus recovery

« Characteristic recovery time reveals information
about the STZ spectrum



Future outlook

« Extension to consolidated, amorphous rock
materials?

« Motion of single grains — calculation of diffusion
constant?

« Dynamic acousto-elasticity experiments to probe
short-time regime — theory validation?

« Generalization to pronounced, shear wave induced
softening (X. Jia et al.)?

« Polycrystalline rock materials — role of point and line
defects (dislocations)?
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Big picture:
Statistical thermodynamics

® According to the first law of thermodynamics, the
(dimensionless) compactivity obeys an equation of
the form

€LY = ;,z‘f.vpl — K(x.0)(x —0)

effective coupling to kinetic-vibrational
volum§ degrees of freedom by noise sources,
expansion that relax the configurational
coefficient subsystem to state ¢

®Presence of other noise sources (tapping p, and
friction ¢) changes the steady-state behavior.



Microscopic model

o Statistical thermodynamics 1s sufficient to account
for qualitative behavior.

« The rest 1s microscopic detail that quantitatively
connects the volume V, the compactivity y, and the
shear rate g.

« Microscopic model consists of STZ's and
misalignments

" e %
—y T S SN

(+) state (-) state



